COMBMATORI(A COMBINATORICA 12 (3) (1992) 351-361

Akadémiai Kiadé — Springer-Verlag

SOME INTERSECTION THEOREMS

ATTILA SALT*

Received May 2, 1989
Revised October 12, 1989

Let (4) be the set of submatrices of an m x n matrix A. Then J(d) is a ranked poset with
respect to the inclusion, and the poset rank of a submatrix is the sum of the number of rows and
columns minus 1, the rank of the empty matrix is zero. We attack the question: What is the
maximum number of submatrices such that any two of them have intersection of rank at least t? We
have a solution for ¢ =1,2 using the followoing theorem of independent interest. Let m(n,i,5,k) =
max(|F|+|¥4|), where maximum is taken for all possible pairs of families of subsets of an n-element
set such that & is i-intersecting, ¥ is j-intersecting and # ansd ¥ are cross-k-intersecting. Then for
i1<j <k, m{n,i,j,k) is attained if ¥ is a maximal i-intersecting family containing subsets of size at
least %, and ¥ is a maximal 2k — i-intersecting family.

Furthermore, we discuss an Erd6s-Ko—Rado-type question for S (4), as well.

1. Introduction

In the present paper we continue the work begun in [7], aimed to find gener-
alizations, straightenings or analogons of “classical” extremal theorems. Here we
present a generalization of Katona’s Theorem and an analogous theorem to the fa-
mous Erdés—-Ko-Rado Theorem. In the proof of the Katona-type theorem we shall
apply a theorem on cross-intersecting families, which is interesting for its own sake.
This whole project was initiated by G.O.H. Katona and V.T. S6s. Although this
work is a continuation of [7], it is selfcontent.

We shall investigate the following poset. Let A be an mxn matrix, let M be the
set of rows of A, while let N be the set of columns. Let f(4) denote the collection
of submatrices of A. Here a submatrix is considered to be a pair X =(R,C), where
R is the set of rows of X and C is the set of columns, ie. RCM,CCN. X isa
submatrix means that either R# 0 and C#0 or R=C ={. Note, that the actual
entries of the submatrices are irrelevant, only the positions count. J(4) is naturally
endowed with a poset structure by the inclusion, namely (R,C)<(S,D) if RC S and
C C D. With this ordering S(4) becomes a non-distributive lattice. The intersection
and the union of two submatrices can be described easily. Let X =(R,C) and Y =
(S,7).

(RNS,CAT) fRNS#Dand CAT #0
(0,0) otherwise
XVY =(RUS,CUT).

X/\Y={
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S (d) is the subposet of 2M « 9N obtained by dropping all members of the direct
product that have exactly one empty component. This makes a significant difference,
because there is only one empty submatrix. Furthermore, f(4) is ranked (or graded)
by the following rank function

(.0 = {

For a subfamily & of S (4) let Fyn and Fj; denote the projections to N and M,
respectively. That is, Fy={C : 3R (R,C)€F} and ¥y ={R:3C (R,C)€ F}. For
CCN let F[C]={R:(R,C)€F}. Similarly, let #{R}={C :(R,C)€F} for RC M.
For Sperner properties of S(4) and a Kruskal-Katona type theorem see [7].

R +1C] -1 i R£0
] otherwise.

2. The Katona-Type Question

The famous theorem of Katona [4] states that if & is a collection of subsets of an
n-element set, such that any two members of # intersect in at least ¢ elements, then

L)
> if n+ ¢ is even
17| <
4 (L if n +t is odd
B o+
and the above bound is sharp. We shall denote this bound by K(n,t). Here we pose

the analogous question for #(A).
Definition 2.1 We say that a subfamily % of f(A) is t-intersecting if for any two
members F and G of ¥ we have that r(FAG) >t.

The question is how large can be a t-intersecting subfamily of ¥(A4). The answer
for t=1 is easy and the main result of this section is the discussion of the case ¢t =2.

Proposition 2.2 [7]. The largest intersecting subfamily ¥ of ¥(A) has size |F| =
2m+n—2_ 1

For t=2 the situation is much more complicated and the maximal family is no
longer of direct product type.

Theorem 2.3. Let F be a 2-intersecting subfamily of ¥(A). Then

4
gn—lom-1 _ 1(2) (Z:) if n and m are even
2\3/\7
gn—lom—1 %(nnl) (:) if n is odd and m is even
19| < ! z
gn-lom-1 _ 3 (mm1> (Z) if m is odd and n is even
2
1/ n m
gn—lgm-1_ —( ) ( if n and m are odd.
2\t gt
\
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The bound is sharp in the first three cases and “almost” sharp in the fourth case.

The proof of the theorem is based on the following two lemmae and a theorem
of Katona.

Lemma 2.4. Let F be a 2-intersecting subfamily of ¥(A), C and C’ be subsets of N
such that |CNC’|=1. If none of ¥[C] and F[C'] is empty, then |F[C]|+|F[C']| <
K(m,1)+ K(m,3).

Proof. This lemma is an immediate corollary of Theorem 4.3. Omne just has to
observe that & is 2-intersecting and |CNC’| =1 implies that #[C] and F[C'] are
cross-2-intersecting families that are intersecting themselves.

Lemma 2.5. Let & be a maximal (with respect to inclusion) 2-intersecting subfamily
of ¥(A). Then either both % y; and ¥ jy are maximal intersecting families of subsets
of M and N, respectively, or

|F| < max{2" (K (m,1) + K(m,3)),2" 2(K(n,1) + K(n,3))}.

Proof. We prove that if ¥y is not a maximal intersecting family of subsets of N,
then |%| < 2™~ 2(K(n,1) + K(n,3)). Similar argument shows that if %/ is not a
maximal intersecting family of subsets of M, then |F|<2" 2(K(m,1)+ K (m,3)).
If # iy is not maximal intersecting, then there is a subset B of N such that neither
B nor N\B isin . One of them, say B, could be added to %y so that F would
remain intersecting. Because (M, B) is not in %, we have a member (U, V) of #, such
that r((M, B)N(U,V))=1. That is, [U|=1. Thus every member of # s must contain
U. Suppose, that UCW C M and W is not in ¥),. In particular, (W, N) is not in
%, wich implies that 3(T,S) €  such that »((T,S)N(W,N))=1. This can happen
only if |S|=1, but in this case we have that r((T,5)N(U,V)) =1, a contradiction.
So if # is not a maximal intersecting family, then s consists of all subsets of M
containing a fixed element. Then it is obvious that & 3; can be partitioned into gm=2
pairs of form {R, R’} with |[RNR'|=1. Applying Lemma 2.4 yields the inequality. i

Now we state a theorem of Katona, which is usually called the “Intersecting
Kruskal-Katona Theorem”.

Theorem 2.6 [4]. Let 1<g<l, 1<k<! and g+k>1, further let 4={A1,A,..., At}
be a k-intersecting system of l-element subsets of an n-element set X. Let 49 denote
the collection of g-element subsets of X contained in at least one of the members of
. Then
(2l—k)
g

- 7 g
l
Proof of Theorem 2.3. First, we prove the upper bounds. According to Lemma 2.5,
we may assume that both %, and ¥y are maximal intersecting families, i.e. they
are of size 2™~! and 27!, respectively. Let f; be the number of i-element subsets
inFy (i1=0,1,...,n). We distinguish two cases.
Case 1: both n and m are even,

Let i9 = min{¢|f; > 0}. By Theorem 2.6 there exists a matching from the j-
element sets in ¥ to the n— j + 1-element subsets of N, such that matched pairs
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intersect in exactly one point, for ig <j<%. Indeed, let us denote the j-element sets
in #y by A1,A2,...,Afj. If I is a subset of {1,2,...,f;}, then let AT denote the
collection of j — 1-element sets contained in at least one of the A;’s. Now Theorem
2.6 implies that
VIC{1,2,....f;} H|I<|AI

From this, applying Kénig’s Theorem follows that there are f; distinct j—1-element
sets B1,B9,...,B £ such that B; C A;. Taking N\B;’s we obtain the desired matching.
Out of the f; B;’s at most f;_1 are in # v, so at least f;—f;_1 sets of form N\B; are
in #p, so at least f;—f;_; j-element set in F have exactly l-intersecting n—j+1-
element pair in # . So the number of distinct exactly 1-intersecting pairs in # p is
at least

fio + Sig+r = fig) + -+ (fp = fu_1) = fp

Because ¥ y is maximal intersecting,

So

\g| < 2f%K(m,1)-;-K(m,3) +(2n—1 *2](-%)2771,—1

_ (g) K(mﬂ);K(m»?’) 4 - (g))2m~1

-1 -1 1/n m
- 50 ()
2/.\7

Case 2: At least one of m and n is odd. We may assume without loss of generality
that n is odd. We shall loosen the conditions a little. Instead the the original problem
we shall consider the following. Let # be a maximal intersecting family of subsets
of N and let w:# -~ N be a weight function with the following properties

)VHeX w(H)<2™!
2)H,H e |HNH'|=1= w(H)+w(H') < K(m,1) + K(m,3)

We shall derive an upper bound for the maximum of } s w(H) where the max-
imum is taken for all possible maximal intersecting families of subsets of N and all
possible weightings. Clearly for a 2-intersecting subfamily F of ¥(A), ¥ 5 satisfies
1) and 2) with the weight function w(C)=|F[C]| and we have

=Y w(C)
Cedn
Let h; denote the number of i-element sets in # and let ig = min{i|h; > 0}.
Suppose, that ig < ﬂi—l and let {Hl,Hz,...,HhiO} be the ip- element sets in #.
Again, applying Theorem 2.6, we obtain n—ig+1-element sets {G1,Gy,. .. ’Ghio} of
# such that |G;NH;|=1for j=1,2,..., h;;. We change the weight function so that
we put w(H;)=K(m,3) and w(G;)=K(m,1). In this way the total weight does not
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decrease and conditions 1) and 2) are still satisfied. Now, if we drop the ig-element
sets from # and add their complements with weight K(m,3), then the total weight
is not changing and conditions 1) and 2) are still satisfied. Repeatedly applying this
process, we obtain that # consists of all subsets of N that are of size'at least,%’—l.

In this case condition 2) has restriction only for sets of size %d Because every

ntl element subset of NV l-intersects 241 others we have that
2 2
n \ K(m,1)+ K(m,3)
I
Hed
|Hl=25
n \K(m,1)+ K(m,3) _ n _
o S ut< (o) +@ = g 2
T 7

He¥

which yields the desired upper bounds for |Z|.

We give constructions that will show that the bounds are sharp if at least one of
n and m is even. When both n and m are odd, then our construction gives a lower
bound for max|%| that is very close to the obtained upper bound.

Let U be a 2-intersecting family of subsets of M of size K(m,2) and V* be a
maximal 1-intersecting family of subsets of M containing sets of size at least 7.
Note, that 2 C ?*. Let both n and m be even and let ¥ be the subfamily of S(A)
defined as

r]C|>g+1 and R € V

ICi=g+1, n¢Cand Rel
(R,C) € F <>« "

[C|=§+1, neCand Rel

\|C]=g, ngCand ReU

It is easy to check that ¥ is 2-intersecting and has the required size. If at least one of
n and m is odd, then we may suppose that n is odd. Let in this case ¥ be defined as

n+1andR€7}

IC| >

(R,C)EF = 1
n and Re U

0] =

Using that for even m we have 2K (m,2) = K(m,1) + K(m,3) one can check that
this construction reaches the upper bound. When m is odd, too, then the above

. . m+3 m
construction gives a 2-intersecting family F of size 27+m~2 — mtd ( n’il) <m +1)
2m
2 /NTYT

1 m
instead of 2m+™m—2 — 5 (n21> (m+1 ) . ]
ntl )\ mil
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The Erdés—Ko—Rado type problem

The well known Erdds-Ko-Rado Theorem [1] considers t-intersecting families,
but in spite of Katona’s Theorem here the size of the subsets in the family is fixed. A
straightforward analogous condition would be for #(d) that we require t-intersecting
system of rank k submatrices. However, in this form the original Erdés-Ko-Rado
Theorem answers the question, because rank k£ submatrices are special k+1-element
subsets of MUN, and they are t-intersecting as matrices iff they are t+1-intersecting
as sets, with the additional condition that their intersections must have parts both
in M and N. Thus, we have more conditions than those in the Erdés-Ko-Rado
Theorem, but we have the same lower bound for the size of the maximal family by
trivial construction, so the upper bound of the Erdés-Ko-Rado Theorem is sharp
for this case, too.

However, if we restrict our attention to k x| submatrices, then the problem of
finding the maximum possible number of ¢-intersecting kx! submatrices of A becomes
interesting. We can state the following theorem.

Theorem 3.1. Let ¥ CY () be a collection of t-intersecting k x I submatrices. If n>
no(k,l) and m>mg(k,l), then

om{ (12 1120) reeet)

Furthermore, the above bound is sharp.

The proof of this theorem relies heavily on the shifting technique perfected by P.
Frankl and Z. Fiiredi [3]. Also, it involves a theorem of Frankl and the bounds ng(k,1)
and mg(k,l) are depending on the bounds in that theorem, which are not calculated,
so we cannot tell how large m and n must be. First, we extend the definition of
shifting to kx! submatrices. We assume, that M ={1,2,...,m} and N={1,2,...,n}.
Let us note, that by an ingenious application of the cyclic permutation method Pyber
[6] found an other generalization of the Erd6s—-Ko-Rado Theorem.

Definition 3.2. Let ¥ C¥(4) be a collection of k x ! submatrices. Let G=(R,C)€¥
and i <j. The ij-leftshift /;;(G) of G is defined as follows:

(@) = { (RC\{}U{i}) ifj€C,igC,and (RC\{j}U{}) ¢ %
(R, 0) otherwise.
The 4j-upshift u;;(G) is defined similarly:
(= (R\{j}U{i},C) ifj€ R, i ¢ R, and (R\ {(j}U{i},C) ¢ ¥
TR, C) otherwise.
We define the left- and upshifts of ¥ by
li;(¥) = {lij(G) 1 G e &}
uij(-."ﬁ) = {uij(G) :Ge ?9} .

We list two important properties of shifting.
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Proposition 3.3. Suppose, that § C ¥(d) is t-intersecting. Then l;;(%) and u;;(%)
are t-intersecting families, as well. Furthermore |l;;($)|= |u,-j(59)| =|%]. |

¥ is called shifted if for every i <j we have l;;(%)=u;;(%)=4¥.
Proposition 3.4. For a shifted family % we have that

©[C] € $[{1,2,...,1}] VC € $yand
G{R} C${{1,2,...,k}} VR € 6y !

Proof of Theorem 3.1.
We may assume by Proposition 3.3 that ¥ is shifted. Let

a=min{|[RN{L,2,...,k}| : R€ Fp} and
b=min{|CN{L,2,...,l}| : CeFn}.
We distinguish three cases.
Case 1. a+b<t. Let Ry and Cj give the values a and b. Then
F1=(Ry,{1,2,...,1} € F and
Fy=({1,2,...,k},Co) € %.
However,
FiANFy=(Ryn{1,2,...,k},Con{1,2,...,1}).
Hence, r(F1 AFy)=a+b—1<t—1, a contradiction.
Case 2. a+b>t+2. It is clear that |9M|=O<mk_a) and |7 n| =O(nl“b). We

may assume without loss of generality that there are numbers a’ and b such that
1<a’<a, 1<V <band @’ +b' =t+1. Then we have

e m-—a\(n-V
1< Bullgnl = oot < (R 75) (127),

Case 3. a+b=t+1. We divide F into two parts F=F1UF?2 in such way that

C1eFy <= |[Cin{1,2,...,1} > band
Cr € F% < |Can{1,2,...,1}|=b.

As above, |F1| < O(mF—ont=b=1) If F2+£0, then Co={1,2,...,b,l+1,...,2l—b} €
9?\, We have for VC Eff%v that F[C] CF[Cy), similarly to Proposition 3.4. If U,V €
F|[Cy) satisfy [UNV| < a-1, then (U,Cy) € F and (V,{1,2,...,1}) € F while the
intersection of these two matrices has rank <t—1, a contradiction. Hence, ¥[Cp) is
an a-intersecting family of I-subsets of N. If

(N R

ReF[Co)

Sa_lv
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then by Frankl’s Theorem [2] |%[Cp]|=0O(mF~%~1) and consequently
1 = || + |#2| < o(m*=enlt=1) 1 |F[Col ||

< O(mk—anl—b—l) + O(mk—a——lnl—b)
< (M- (n- b
k—a/\l-b)
If ‘ﬂRefi[Co] R‘ > a, then %2 is similarly small. So ‘ﬂRe.‘f'[Co] R‘ = a. Let
nRefI[CO]RZA' If there is a set Ry in #[{1,2,...,1}] such that A¢Z Ry, then by the
usual argument, for every R € F[Cy] we have that (R\ A)N Ry # 0, which implies
|%[Co]|=O(m*2=1) and that |%| is “small”. Thus, we have showed that if % is not
small, then 3|A|=a such that VReF ), : ACR.
Similar discussion for the other side yields that if ¥ is large, then 3|B|=b such

that VC €% : BC C. That is, all members of ¥ contain the fixed a x b submatrix
(A,B). Clearly, for every 1<a<t and b=%+1—a we have such a system %, of

cardinality (7"7) (?_'é’ ). This completes the proof. (]

Remark: The above argument can easily be extended to d-dimensional n] xng x
... X ng matrices and families of k1 x kg X ... X kz submatrices.

4. Cross-intersecting families

The solution of the Katona type problem lead to the following definition and
problem that we think is interesting for its own sake, too.
Definition 4.1. Let [N|=n and %, C2N. We say that (%,%) is an (i,5, k)-pair if F
is i-intersecting, ¥ is j-intersecting and
VFed VGe¥ [FNG| 2k,

ie. ¥ and ¢ are cross-k-intersecting. Let m(n,i,j,k) = max(|#|+ |%|) where the
maximum is taken over all (i, j,k)-pairs (%,%%) of subfamilies of 2V .
We suppose that none of i, and k is zero. There are some immediate properties
of m(n,i,j,k). :
Proposition 4.2.
() i<i,j<j and k <k = m(n,i,j k') < m(n,i,j k)
(i) k < min{i,j} = m(n,i,j,k) = K(n,i) + K(n,j)
(i) 7 <j<k=mn,ijk)=mn,ikk).

Proof. (i) and (ii) are obvious. For (iii), let (¥,%) attain the upper bound m(n,1,j,k).
Then (FU%,FNY) is an (i,k,k)-pair that shows m(n,i,j,k) < m(n,i,k,k). The
inequality m(n,i,j,k) >m(n,i,k, k) follows from (i). |

Because for a k-intersecting family % (¥,%) is an (i,k,k)-pair for i <k, it is
tempting to conjecture that m(n,i,j,k) =2K(n,k) for 1 <i<j <k. Furthermore,
this is true if =1, k=2 and n is even. However, for k> 2 the above equality fails to
hold. Instead, we have the following theorem.
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Theorem 4.3. Let 1<i<j<k. Then

m(n,z’,j,k) -
n n n n
>z (>+ Z () ifn+1i is even
nti \T \T
T="— p=Dt2k—i
n n n n "ol no 1 . 5
D ( ) * Z ( ) + <n+i—1> + <n+2k—i-l) ifn+1 is odd.
\T:ﬂ%ﬂ T rmBt2koitl T ) 5

Proof. First note, that the above expression for m(n,i,j,k) is same as m(n,,j,k) =
K(n,i) + K(n,2k —i). Taking ¥ to be a maximal i-intersecting family, ¥ to be a
maximal 2k -- i-intersecting family such that ¥ C &, we obtain that m(n,i,j,k) >
K(n,i)+ K(n,2k—1). We need only to prove the inequality in the other direction.
It is enough to consider the case when ¥ is i-intersecting and & is k-intersecting
by Proposition 4.2. Let f = min{|F| : F € ¥} and g = min{|G| : G € ¥}. We
distinguish several cases. In each of the cases we shall change ¥ and ¥ preserving
|F|+ 4| or show that ||+ [$| < K(n,i)+ K(n,2k—1).
Case 1. f>g—k+i. Here we apply Theorem 2.6 for the g-element sets of ¥ to obtain
a matching of them into n — g+ k — 1-element sets in such way that matched pairs

are exactly k — l-intersecting. These n—g+k — 1-element sets therefore cannot be in
either # or ¥.

Case 1a. sz—’ﬁ >g. Let us drop the g-element sets from % and add their matched
pairs of n— g+ k — 1-element sets to ¥. Because f+n—g+k—1>n+i-1, all the
new sets in # i-intersect the old ones. Two new sets in & are i-intersecting because
2(n—g+k—1)>n+i. Finally, because the smallest sets in the new % have at least
g+1 elements, the new sets in ¥ k-intersect all members of the new $, too.

Case 1b. @ﬂ‘fl—_—l <g. In this case f> %ﬂ —-k+i= ﬁ%‘—l Hence, ¥ and ¢
consist of large sets that implies |F|+|¥| < K(n,i)+ K(n,2k —1).

Case 2. f<g—k+i. We apply Theorem 2.6 for the f-element sets in ¥ to obtain
a matching of them into n— f+¢— 1-element subsets, such that matching pairs are
exactly ¢ — 1-intersecting.

Case 2a. f < l%:—l We drop the f-element sets from ¥ and add their matched
n — f +14 — l-element pairs to #. Clearly, ¥ remains i-intersecting. Furthermore,
g+n—f+i—-1>f+k—i+n—f+i—1=n+k—1 implies that the new elements of
F, too, k-intersect all members of .

Case 2b. f2> "—*—'5_—1 Here we have that g>f+k—i:ﬂ“2’—i‘—l. Hence, |F|+[9| <
K(n,i)+ K{(n,2k—1).
Case 3. f=g—k+i.

Case 3a. f < Ei%_—l In this case we match both the f-element sets in F and
the g-element sets in % to n— f+¢— 1-element and n — g + k — 1-element subsets,
respectively. Then we drop the f- and g-element sets and add their matched pairs to
% and ¥, respectively. Clearly F remains i-intersecting and ¥ remains k-intersecting.
Furthermore, n— f+i—14+g+1>n+k and n—g+k—1+ f —1>n+k implies that ¥
and ¢ remain cross-k-intersecting.
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Case 3b. f> ﬂ? In this case we have that |F| < K(n,i) and 9| < K(n,2k~1) holds
trivially.

Case 3c. f= u&—_—l Then we have that g= "+2k———2'—’:—1 Let a denote the number ¢
element sets in ¥ and b denote that of the f-element sets in . We want to prove

that
n—1 n—1
a+b< <n+i—1> + (n+2k—i—1)- (4.1)
nticl ni2koi-l
Let dp_it1a denote the number of ”—_—éil-element subsets of N that are contained
2 ,
in some of the g-element sets of %. If H is such an ”—_§+—1-element subset contained
in G (G€Y,|G|=g), then [N\ H|=25=L and |(N\H)NG|=k~1, so N\ H cannot
be in ¥. Hence,

n—1
a+bS a+ (n+z—1) —6n—ij;1a- (42)
Thus, to prove (4.1) it is enough to show that
n—1 n—1
a- (n+2k—i»l) S Ongmia— (n+i—3)‘ (4.3)
We use Lovész’ [5] version of the Kruskal-Katona Theorem. Let
n—1 z
a= (n+2k—i—1> + (n+2k—i—3)' (4.4)
2 2
-1
(We may assume that a > <n +72Lk_i“1) because otherwise (4.1) follows from the fact
12 .
that there can be at most (nnill) E5—_—1—-element sets in an i-intersecting family by
2
the Erdés—Ko-Rado Theorem.) Now Lovasz’ result tells us that
n-—1 T
6n—ij:1 a> n—-i+1 + n—i—=11]- (45)
By (4.5) (4.3) reduces to
(n+2l§c—i—3) < (n_:f_l) where z < n - 2. (4.6)
2 2

The inequality (4.6) follows from an easy induction argument on k. Because whenever
we changed & or & the sum f+g was increased, the changing process must terminate.
This completes the proof of Theorem 4.3. ]
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